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Abstract– In this paper, the stability study of fuzzy control systems is based
on the use of regular vector norms convergence, in particular the overvalu-
ing principle and the application of Borne and Gentina criterion. This study
concerns a particular class of fuzzy control systems where the subset parti-
tion of the inputs is identical and the system to be controlled is a linear one.
As an application, a second order system is considered. In order to get suf-
ficient conditions for global asymptotic stability for the whole fuzzy control
system, some techniques are used to allow obtaining a simple arrow form of
the state matrix more suitable for the stability study.
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1. Introduction

The stability theory was presented first by Lyapunov (1892),
by introducing the basic idea and the definitions of the stability
that allowed the analysis of arbitrary differential equations. His
theory is in use today and proved many of the existing fundamen-
tal theorems [1]. Stability problems were treated by many other
authors [2, 3, 4]. In particular, Bellman concept (1962) of vec-
tor Lyapunov functions and Bailey Siljak approaches have been
developed to find stability conditions of large scale systems, and
Robert concept (1964) of vector norms, and its multilevel appli-
cation by Borne and al (1973) and Borne and Gentina (1974).

For non-linear systems, stability concept has been developed
by many other authors [5, 2, 6, 7] especially concerning the fuzzy
controllers since they are naturally non-linear [8, 9, 10]. In this
way, stability concept for fuzzy systems has been developed by
many authors [11, 12, 13, 14, 15, 16].

In this paper, the stability study of particular class of fuzzy PI
controllers is presented, the controller is of type Mamdani with
an identical subset partition of the inputs used in [17]. This study
is based on the application of the Borne and Gentina criterion [2]
which uses Kotelyanski conditions. In [18], it has been shown
that when system state matrix is in arrow form, then Borne and
Gentina criterion becomes very simple to apply.

This approach has been used in many previous works [11, 8,
19]. In this way, results proposed in [19] will be used for stability
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Table 1. The Mac Vicar-Whelan table.
e∗ de∗ NG NM NP ZE PP PM PG
NG NG NG NG NG NM NP ZE
NM NG NG NM NM NP ZE PP
NP NG NM NP NP ZE PP PM
ZE NG NM NP ZE PP PM PG
PP NM NP ZE PP PP PM PG
PM NP ZE PP PM PM PG PG
PG ZE PP PM PG PG PG PG

analysis of particular class of continuous Mamdani fuzzy systems
with a second order system to be controlled.

So, the paper is organised as follows. The next section is de-
voted to the description of the fuzzy system. In Section 3, math-
ematical elaboration of the stability problem is presented. The
stability conditions of the fuzzy system are established by using
Borne and Gentina criterion and vector norms approach in Sec-
tion 4. As an illustration of the stability conditions proposed,
an example of second order system to be controlled is given in
Section 5. Finally, concluding remarks are drawn in Section 6.

2. The fuzzy control system

2.1. Description of the fuzzy controller
The fuzzy controller considered is Mamdani fuzzy PI con-

troller with two normalized inputs e∗ and de∗ and a normalized
output du∗. In this study, we consider a particular class of fuzzy
subset partition which is identical for both inputs as given in fig-
ure 1.

We also consider for fuzzy rule base the Mac Vicar Whelan
one, which is of type antidiagonal (Table 1) [17].

For this controller we consider a max-min inference method
and a centroid defuzzification method.

The values of kmin and kmaxallow overvaluing and undervalu-
ing the characteristic surface of the fuzzy controller with two
plans are searched numerically.

By distorting the discourse universes to 100 points [17], we get
: kmax = 1, 86 and kmin = 0, 47.
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Fig. 1. Fuzzy subset partition.

2.2. The fuzzy control system
The following figure (Figure 2) shows the whole fuzzy control

system where the system to be controlled is a linear system given
by its transfer function G(p).

Let σ(e∗, de∗) [17] the surface in the space (e∗, de∗, du∗), veri-
fying the two properties [4]:

i) If σ = 0 then the input - output
characteristic surface du∗(e∗, de∗) = 0
ii) It exists k > 0 such as du∗(kσ − du∗) > 0 for all e∗ and de∗

(1)
These properties mean that the intersection of the overvaluing

surface σ with the plan (e∗, de∗) is a part of the intersection of the
characteristic surface du∗(e∗, de∗) with the same plan. In this case
(identical fuzzy subset partition) the curve σ = 0 is a straight line
representing the second bisector as shown in figure 3.

When observing Figure 3, in the plan (e∗, de∗) this curve is
symmetrical with respect to zero.

The second property of equations (1) shows that it exists k > 0
such that the characteristic surface du∗(e∗, de∗) is situated be-
tween the plan (e∗, de∗) and the plan given by the equation:
du∗ = k (e∗ + de∗). Then, the last plan overvalues the control
characteristic surface in all its points and it characterizes a lin-
ear PD controller that becomes a PI controller when we add the
integration. Then, we introduce a non-negative non-linear gain
f (e∗, de∗) such that: du∗ = f (e∗, de∗).σ = f (.)(e∗ + de∗)

In this case the equivalent fuzzy control system in the au-
tonomous regime is given by (Figure 4).

3. Mathematical elaboration of the problem

The system to be controlled is of order n given by the following
transfer function G(p):

G(p) =
Y(p)
U(p)

=
b1 pn−1 + ... + bn

pn + a1 pn−1 + ... + an
(2)

In the state space this system will be given by:
According to figure 4, the linear part of this system is L(p)

such that:
L(p) =

δ

v
=

G(p)
p

(ke + kde p) (4)

The controllable form of L(p) is:{
ẋ∗ = A∗x∗ + B∗v
δ = C∗x∗ (5)

The vector x∗ is of order (n + 1) so:

A∗ =


0
...
0
0

0 1 . . . 0
...

. . .
. . .

...
0 . . . 0 1
−an . . . . . . −a1


, B∗ =


0
...
0
1



and C∗T =


b∗n+1
...
...
b∗1

 ,


b∗1 = kdeb1
b∗i = kebi−1 + kdebi for 2 6 i 6 n
b∗n+1 = kebn

(6)

From the figure 4 we have : v = f (.)kduσ = − f (.)kduδ =
− f (.)kduC∗x∗ then we can write:

ẋ∗ = A∗x∗ − B∗ f (.)kduC∗x∗ = [A∗ − B∗ f (.)kduC∗]x∗ = AC x∗ (7)

Let AC (which is of order (n + 1)) such that:

AC = A∗ − B∗ f (.)kduC∗ =


0 1 . . . 0
...

. . .
. . .

...
0 . . . 0 1
−aCn+1 (.) . . . . . . −aC1 (.)

 ,{
aCn+1 (.) = f (.)kdub∗n+1
aCi (.) = ai + f (.)kdub∗i for 1 6 i 6 n (8)

To get an exploitable form of the state matrix, we consider the
following basic change:

ż = Fz =
(
P−1AC P

)
z (9)

The matrix P is a passage matrix allowing to pass from the
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Fig. 2. Fuzzy control system.

Fig. 3. Curve σ = 0

Fig. 4. System in the autonomous regime

{
ẋ = Ax + Bu
y = Cx , A =


0 1 · · · 0
...

. . .
. . .

...
0 · · · 0 1
−an · · · · · · −a1

 , B =


0
...
0
1

 and CT =


bn
...
...
b1

 (3)

matrix AC to the matrix F such that:

P =



1 1 . . . 1 0
α1 α2 . . . αn 0

(α1)2 (α2)2 . . . (αn)2 ...
...

... . . .
... 0

(α1)n (α2)n . . . (αn)n 1


(10)

αi , α j ∀i , j. Then we get the following form of the state

matrix which is in the arrow form [18]:

F = P−1AC P =



α1 0 . . . 0 β1

0
. . .

. . .
...

...
...

. . .
. . . 0

...
0 . . . 0 αn βn

γ1(.) . . . . . . γn(.) γn+1(.)


(11)
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βi =

n∏
j = 1
j , i

(αi − α j)−1 ∀i= 1, ...,n,


γi(.) = −PAC (., αi)∀i= 1, 2, ...,n

PAC (., λ) = λn+1+
n∑

j=0
aCn+1− j (.)λ

j , γn+1(.) = −aC1 (.) −
n∑

i=1

αi

4. Stability conditions for the fuzzy control system

When applying the Borne and Gentina criterion to the system
(9), we get the following system :

Theorem [19]:

If it exist αi< 0 for i = 1, ...,n, αi , α j ∀i , j and ε> 0 such that
∀z ∈ ℜn+1:

−γn+1(.)+
n∑

i=1

|γi(.)βi|α−1
i > ε> 0 (12)

then the equilibrium point z = 0 for the fuzzy control system is
globally asymptotically stable.

Proof :
We consider the following comparison system :

ż = Mz (13)

where the matrix M is such that:

∀imii = fiiand∀i , jmi j =
∣∣∣ fi j(·)

∣∣∣ (14)

∀z ∈ ℜn+1, the matrix M with positives out-diagonal elements
and the non-constants ones isolated in the last line.

Therefore, by referring to the results obtained in [18], the
conditions of the previous theorem can be deduced from the
Kotelyanski conditions [6].

5. Application

The fuzzy controller is of type Mamdani described in (para-
graph 2.1). The same controller was used in [17], the difference
with the latest paper that the system to be controlled in [17] is
a non-linear first order one. But in this paper, the system to be
controlled is a linear second order system G(p) given in (figure 5)
and then the whole study will be different and so the techniques
to get sufficient stability conditions for the fuzzy control system
are different too. This case may cause some difficulties in the
determination of the parameters like (α1 and α2) which we will
determinate the values and draw the response of the fuzzy control
system. So the fuzzy control system is as follows:

The transfer function G(p) is given by:

G(p) =
p + 0.5

p2 + 2p + 0.8
(15)

which can be described in the state space by : {
ẋ = Ax + Bu
y = Cx

(16)

A(.) =
[

0 1
−0.8 −2

]
, B(.) =

[
0
1

]
and C(.) =

[
0.5 1

]
(17)

Let L(p) the linear part in the schema given in the figure 5, so
18 is given. such that: The description of the whole fuzzy control
system is such that 21.

To get another form of the state matrix we consider the follow-
ing basic change: z = P−1x∗, which leads to 22 and 23.

The application of the Borne and Gentina criterion to this sys-
tem with α1 < 0 and α2 < 0 allows to have the following con-
dition:

−γ3 +
|γ1β1|
α1
+
|γ2β2|
α2

> 0 (24)

and then:

2 + α2 + α1 + kde f (.)kdu +
1
α1

∣∣∣∣−0.5ke f (.)kdu−0.8α1−ke f (.)kduα1
−(α2−α1)

− 0.5kde f (.)kduα1+2α2
1+α

3
1+α

2
1kde f (.)kdu

−(α2−α1)

∣∣∣∣ + 1
α2

∣∣∣∣−0.5ke f (.)kdu−0.8α2−ke f (.)kduα2
(α2−α1)

− 0.5kde f (.)kduα2+2α2
2+α

3
2+α

2
2kde f (.)kdu

(α2−α1)

∣∣∣∣ > 0
(25)

For a choice of ke = kde = 1 and α1 = −0.5 this condition be-
comes 26.

For simplification reasons we consider that :(
0.8 + 2α2 + α

2
2 = 0

)
the solutions of this equation allow to

get α2 = −1.44 or α2 = −0.55
The non-linear gain f (.) can be assimilated to the value of the

slope kmax of the plan overvaluing the characteristic surface of the
fuzzy controller. For the Mamdani implication we have kmax =

1, 86, so the stability condition (26) for α2 = −1.44 and α1 =

−0.5 allows getting :

f (.)kdu > −0, 5 10−11 (27)

In these conditions the minimal gain kduwhich can be consid-
ered is such that: −0.5 10−11

1.86 = −0.26 10−11.
We take for example the value of this gain such as :kdu = 0.5,

allowing to validate the results.
The following schema (Figure 6) presents the corresponding

system response of the fuzzy control system.
We do remark that the fuzzy control system is stable with a

reduced response time. We could get adequate values of the pa-
rameters (α1 and α2) for the second order system which allows
insuring global asymptotic stability for the whole fuzzy control
system.
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Fig. 5. Fuzzy control system for the second order system

Fig. 6. System response of the fuzzy control system.

L(p) =
G(p)

p
(ke + kde p) =

(p + 0.5) (ke + kde p)
p
(
p2 + 2p + 0.8

) =
kde p2 + (ke + 0.5kde p) p + 0.5ke

p3 + 2p2 + 0.8p
(18)

{
ẋ∗ = A∗x∗ + B∗v
δ = C∗x∗ (19)

A∗ =

 0 1 0
0 0 1
0 −0.8 −2

 , B∗ =


0

0
1

 and C∗T =

 0.5ke

ke + 0.5kde

kde

 (20)

ẋ∗ = AC(.)x∗ AC(.) = A∗ − f (.)kduB∗C∗ =

 0 1 0
0 0 1
−0.5ke f (.)kdu −0.8 − (ke + 0.5kde) f (.)kdu −2 − kde f (.)kdu

 (21)

ż =
(
P−1AC(.)P

)
z ,

= Fz
P =

 1 1 0
α1 α2 0
α2

1 α2
2 1

 , F =

 α1 0 β1
0 α2 β2
γ1 γ2 γ3

 (22)

6. Conclusion

This paper discusses the stability study of fuzzy control sys-
tem for particular class of fuzzy subset partition which is iden-
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where:



β1 = − 1
α2−α1

β2 =
1

α2−α1

γ1 = −0.5ke f (.)kdu − 0.8α1 − ke f (.)kduα1 − 0.5kde f (.)kduα1 − 2α2
1 − α3

1 − α2
1kde f (.)kdu

γ2 = −0.5ke f (.)kdu − 0.8α2 − ke f (.)kduα2 − 0.5kde f (.)kduα2 − 2α2
2 − α3

2 − α2
2kde f (.)kdu

γ3 = −2 − α2 − α1 − kde f (.)kdu

(23)

α2 + 1.5 + f (.)kdu − 2
∣∣∣∣∣ 0.025
−α2 − 0.5

∣∣∣∣∣ + 1
α2

∣∣∣∣∣∣∣∣
f (.)kdu

(
−0.5 − α2 − 0.5α2 − α2

2

)
−
(
0.8 + 2α2 + α

2
2

)
α2

(α2 + 0.5)

∣∣∣∣∣∣∣∣ > 0 (26)

tical for both inputs. It presents also an application of the sta-
bility conditions founded in the form of a second order system
to be controlled. The complexity of such resolution resides at
the research of the adequate parameters (α1 and α2) insuring the
global asymptotic stability of the fuzzy control system even with
fixed values of the scale factors (ke and kde) of the fuzzy con-
troller. Our proposed method presents an advantage compared to
others because it treats the case of Mamdani controller where the
consequence is of form linguistic needs a step of defuzzification.
But the most other researchers on stability study of fuzzy systems
treat the case of controller of type Sugeno where the consequence
is giving numerically like in [20]. In addition our method allows
concluding on the global asymptotic stability for fuzzy control
systems.
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